We consider the freeze-in production of 7 keV axino dark matter (DM) in the supersymmetric Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) model in light of the 3.5 keV line excess.
I. INTRODUCTION
The matter content of the Universe is dominated by unknown particles, which are called dark matter (DM; see Ref. [1] for a recent historical review). From its gravitational interaction, we know that such DM consists of non-luminous massive particles. The microscopic nature of a DM particle may be hinted by its rare decay into a standard model (SM) particle (see Ref. [2] for a general review). Actually an unidentified 3.5 keV line has been reported in the X-ray spectra from independent astrophysical objects such as the Perseus galaxy cluster and the Andromeda galaxy, and in independent facilities such as Chandra and XMM-Newton (see Refs. [3, 4] for the first two reports and also Refs. [5] [6] [7] [8] for following reports). Perhaps the most popular interpretation of the signal is that it originates from radiative decay of a 7 keV DM particle. 1 A lot of particle physics models have been suggested to provide a radiatively decaying 7 keV DM particle.
On the other hand, one important point seems having been overlooked: the warmness of DM.
When keV-scale (or lighter) DM particles are produced from the thermal bath (not necessarily thermally equilibrated), in general, a sizable velocity of DM particles affects the evolution of primordial density perturbations and leaves observable signatures on resultant matter distribution of the Universe. Such warmness of DM are constrained, for example, by Ly-α forest data. The latest and strongest constraint is m WDM 5.3 keV [23] in the conventional warm dark matter (WDM) 2 such as light gravitinos in gauge-mediated SUSY breaking scenarios [24, 25] , which are produced and thermalized just after the reheating. Although the Ly-α forest constraint apparently seems to allow 7 keV DM, we need to remark that they require very low DM temperature. For 7 keV WDM, DM particles need to decouple when the effective massless degrees of freedom is as large as g * ,WDM ∼ 7000 [26] . Since the DM temperature in other 7 keV DM models is higher than that in the conventional WDM, the resultant lower bound on the WDM mass is larger; naively m = 7 keV (m WDM /2.5 keV) 4/3 when DM particles decouple before the electroweak phase transition (g * = 106.75), as we will see around Eq. (18) . The Ly-α forest constraint of m WDM 5.3 keV 1 The DM origin of the 3.5 keV line has been challenged by the consistency checks (see Refs. [9] [10] [11] [12] [13] [14] for line searches in different objects or in different instruments and Refs. [15, 16] for a morphological test). However, it appears that these constraints are not conclusive (see Refs. [17] [18] [19] for debates about some of the above constraints), and there is still room for the decaying DM explanation of the 3.5 keV line (see Refs. [20, 21] for a summary of the current status). X-ray microcalorimeter sounding rockets may provide a significant test on the DM origin of the 3.5 keV line in near future [22] . 2 The conventional WDM is also referred to as early decoupled thermal relics. As we will see below, however, in order to reproduce the observed DM abundance with O(1) keV WDM, decoupling before the electroweak phase transition is not sufficient, but further entropy production is needed. This is why we refer to it as the conventional WDM.
disfavors such 7 keV DM.
It is also known that the phase space distribution affects the warmness of DM. The non-thermal phase space distributions (especially of sterile neutrino) are calculated in the literature [27] [28] [29] [30] [31] [32] [33] . The resultant linear matter power spectra, on the other hand, are presented only in limited cases [34] [35] [36] , although a direct comparison of the spectra between the non-thermal and conventional WDM models provide a more robust way to convert the Ly-α or also other lower bound on the conventional WDM mass into that on the mass of non-thermal WDM [37] . We demonstrate such a direct comparison by taking 7 keV freeze-in axino [26] as an example. In this paper, furthermore, we explain how we can obtain the phase space distribution from the collision term in a self-contained manner. For example, we present how we can reduce the collision term into a simple form. We stress that such methodologies are easily applicable to other models.
Among various attractive particles, axino, which is the fermion SUSY partner of QCD axion, is one of the best WDM candidates. For solutions to the gauge hierarchy and strong CP problems, it is plausible to introduce, respectively, supersymmetry (SUSY) [38] [39] [40] and Peccei-Quinn (PQ) symmetry [41] [42] [43] [44] . Consequently, a light axion from PQ symmetry breaking and its SUSY partners are introduced in the model. In the SUSY limit, axino is massless since it is a SUSY partner of massless axion. Once the SUSY is broken, however, axino obtains its mass via communication with the SUSY breaking sector. Although the axino mass is typically of order the gravitino mass, it can be much smaller than the gravitino mass in some models [45] [46] [47] . 3 In this regard, axino can be as light as keV and thus it can be a good WDM candidate.
We introduce R-parity violation to explain the 3.5 keV line excess by the axino DM decay.
Such R-parity violation (RPV) may induce harmful proton decays. However, if the R-parity is violated only in the lepton number violating operators, it retains the proton stability because proton decay requires both lepton and baryon number violation. In the literature, bilinear and trilinear operators with lepton number violation have been considered for axino decay. In the case of bilinear R-parity violation (bRPV) in the SUSY Kim-Shifman-Vainshtein-Zakharov (KSVZ) model [49, 50] , the 3.5 keV line excess requires either small PQ scale (v PQ ∼ 10 8 GeV) [51] or light Bino (∼ 10 GeV) [52] . In the case of trilinear RPV in the SUSY Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) model [53, 54] , light stau is necessary to mediate a sufficient axino decay width for the 3.5 keV signal [55] . On the other hand, bilinear RPV in the SUSY DFSZ model induces direct mixings between axino and neutrinos, so the axino can decay into light active neutrinos via the 3 It is also possible that the axino is much heavier than the gravitino [47, 48] .
mixing [56] [57] [58] . Therefore, as in the case of sterile neutrino decay [3, 4, 21] , axino decay is able to explain the 3.5 keV signal if the axino-neutrino mixing is realized with sin 2 2θ ∼ 10 −10 where θ is the mixing angle [26] .
The production of axinos depends on how the axion supermultiplet interacts with the visible sector, i.e., the minimal supersymmetric standard model (MSSM) particles. In the KSVZ model, axino couples to gauginos and gauge bosons via dimension-5 operators, so its production is enhanced at high temperatures [59] [60] [61] . On the other hand, in the DFSZ model, axino couples to Higgses and Higgsino via effectively dimension-4 operators. The dimension-5 operator of axino-gauginogauge boson couplings is also generated as in the KSVZ model. In the DFSZ model, however, the dimension-5 operator is suppressed at the scale above µ-term, so the effect is negligible even if the reheating temperature is very large [62] . Due to its apparently renormalizable couplings in the DFSZ model, axinos are dominantly produced near the threshold scale of the process (e.g., µ
for Higgsino decay into axino) [62] [63] [64] and thus it shows the freeze-in nature of feebly interacting particles [65] (see also a recent review [66] ).
The saxion, which is the scalar SUSY partner of axion, is also an important ingredient for the abundance and phase space distribution of axinos. While the saxion abundance from thermal production is similar to that of axino, the saxion abundance from the coherent oscillation can be much larger and thus dominate the Universe. If the coherent oscillation of saxion dominates the Universe and decays after axino production, it releases a certain amount of entropy. Consequently, axinos produced before saxion decay are diluted, and also their momenta are redshifted (i.e., become colder) by the entropy. The entropy production from saxion decay may be crucial for the 7 keV axino DM since the strongest constraint from the Ly-α forest data has a tension even with freeze-in production when we consider realistic models [26] . We also discuss how we can infer the required entropy dilution factor to evade the constraints. This can be done based on a simple extension of the characteristic velocity, which will be introduced around Eq. (20) .
The paper is organized as follows. The SUSY DFSZ model is described in Sec. II, where we introduce the R-parity violation and show that decaying 7 keV axino behaves similarly to the sterile neutrino in regard to the 3.5 keV line excess. The freeze-in production channels of axino and dilution of their abundance from saxion domination and subsequent decay are also explained.
We take a closer look at the tension between 3.5 keV line-motivated 7 keV WDM and the Ly-α forest constraints in Sec. III. In Sec. IV, we first focus on each production channel and reduce the collision term in the Boltzmann equation to a simple form, while devoting appendix A to the details. The reduced Boltzmann equation is numerically integrated with the matrix elements given in appendix B, and the resultant axino phase space distributions are compared among different production channels. A simple fitting function with two parameters for phase space distributions are also provided. Next, we introduce more realistic scenarios, where several production channels simultaneously contribute to the axino abundance, and thus the resultant axino distribution is
given by a yield-weighted superposition of those from each channel. The fitting parameters of the realistic axino distributions are summarized in appendix C. In Sec. V, by using the obtained axino distributions, we follow evolution of the primordial density perturbations. The resultant matter power spectra are compared to those in the conventional WDM. From the comparison, we infer the required entropy dilution factor from saxion decay to evade the most stringent Ly-α forest constraint. Furthermore, by directly comparing the resultant matter power spectra with those in the conventional WDM, we confirm that 7 keV axino DM with the inferred entropy dilution factor is viable in regard to the Ly-α forest constraint. We also discuss the possibility that the Ly-α forest constraints are evaded by a compressed mass spectrum. Sec. VI is devoted to concluding remarks.
II. MODEL OF AXINO WITH R-PARITY VIOLATION
We discuss the SUSY DFSZ axion model to describe light axino decay and production. The relevant interactions in this model are obtained from higher dimensional operators and PQ symmetry breaking. The µ-term is generated by the Kim-Nilles mechanism [67] . On the production of axinos, the µ-term interaction generates main production processes including 2-to-2 scattering and heavy particle decays. Such production processes determine not only the total abundance of axinos but also their phase space distribution, since axinos have highly feeble interactions so that the phase space distribution is not re-distributed but just redshifted by the cosmic expansion after they are produced. In addition, bRPV terms are naturally introduced in the same manner, while it is even more suppressed than µ-term by a proper PQ charge assignment. One finds an axino-neutrino mixing in this model and thus explains axino decay in the same way as sterile neutrino decay.
A. DFSZ model with bRPV
In the DFSZ axion model, Higgses (H u and H d ) are charged under PQ symmetry, so the bare mass term of H u H d is generated by PQ symmetry breaking. In the MSSM, such a term is the µ-term, and is given by the superpotential,
where X, Y , and Z are chiral superfields with respective PQ charges being Q PQ {Z, X, Y, H u , H d } = {0, −1, 1, 1, 1}. The dimensionless coupling constants are denoted by λ and y 0 , while M * is the scale of UV physics. Once PQ symmetry is broken, X ∼ Y ∼ v PQ / √ 2, the µ-term is generated,
When M * ∼ 10 16 GeV, y 0 ∼ 0.1, and v PQ ∼ 10 10 GeV, one obtains µ ∼ 500 GeV. This is a solution to the SUSY µ-term problem via the Kim-Nilles mechanism [67] . In addition, bRPV terms can also be introduced,
where L i [i(= 1-3) denotes the flavor] is a lepton doublet superfield with Q PQ (L i ) = 2. From PQ symmetry breaking, one finds
As for the µ-term generation, when M * ∼ 10 16 GeV, y i ∼ 1 and v PQ ∼ 10 10 GeV, one obtains a tiny bRPV interaction as µ i ∼ 10 −3 GeV.
When PQ symmetry is broken, PQ fields can be expressed as
The axion superfield (A) consists of axion (a), saxion (s), and axino (ã),
where θ is the superspace coordinate and F A is the F -term of the axion superfield. One obtains an effective superpotential,
where i = µ i /µ, c H = 2, and c p = 3. The approximation in the second line is valid for fermion masses and mixings. From this superpotential, one can easily find the mixing angle between axino and active neutrino, which is given by
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where we have assumed that a sizable bRPV exists in only the third generation, i.e., only 3 is relevant and others are negligible. We also simply write 3 = . One can easily find a proper axino-neutrino mixing, sin 2 2θ ∼ 10 −10 , which explains the 3.5 keV line excess as in the case of sterile neutrino. 4 For this mixing, however, the axino (as sterile neutrino) abundance from the Dodelson-Widrow mechanism [70] is an order of magnitude smaller than the total DM abundance [71, 72] ,
Although the preferred value of the mixing angle for the 3.5 keV line excess varies depending mainly on the objects [3, 4, 21] , sin 2 2θ 1-4 × 10 −11 seems viable once the constraints from the Chandra observation of the Andromeda galaxy [9] and the XMM-Newton observation of dwarf spheroidal galaxies [11] are taken into account. With such a mixing angle, axino produced from the Dodelson-Widrow mechanism accounts for at most a few % of the whole DM abundance.
Therefore, additional production processes must exist for the DM abundance. In the DFSZ axino case, interactions from the µ-term dominantly produce axinos via the freeze-in mechanism. We will discuss axino production in more detail in the following subsection. 4 It is also noted that sneutrino obtains a non-zero VEV due to the bRPV scalar potential
. This induces a mixing between neutrinos and gauginos, mediating axino decay via the axinophotino-photon effective operator [51, 52, 58, 68, 69] . We ignore this contribution to axino decay by assuming that the sneutrino VEV is sufficiently small (this is achievable by, e.g., raising the sneutrino mass).
B. Axino production
In the case of DFSZ axino, dominant production processes are generated by the interaction accompanying the µ-term in Eq. (7) . The bRPV term is suppressed by O(v PQ /M * ) compared to the µ-term so that the contribution is always negligible. Since PQ symmetry is subject to the quantum anomaly, there is an axion-gauge-gauge interaction that is necessary for a solution to the strong CP problem. By field rotation of Higgses and quarks, one can find the interaction,
where W b is the gauge superfield for gluons, g s is the strong coupling constant, and N DW = 6 is the domain wall number. It apparently seems that Eq. (10) can contribute to axino production at a high temperature since it is a non-renormalizable interaction. However, as argued in Ref. [62] , the one-particle-irreducible amplitude for axino-gluino-gluon is suppressed at the energy above the scale of µ so that we can safely neglect this operator in DFSZ axino production. Therefore, from now on, we will consider only the µ-term interaction in Eq. (7) for axino production.
Since the interaction in Eq. (7) generates a dimensionless coupling constant, the scattering cross section corresponding to axino production increases as the temperature decreases. For this reason, the scattering rate per Hubble time is maximized at the lowest possible temperature. If the temperature is smaller than the threshold scale of the process, the reaction rate is suppressed by the Boltzmann factor and thus the process becomes irrelevant. Therefore the dominant axino production occurs at the temperature near the threshold scale. Note that axinos are never thermalized while the other particles in the process are in thermal equilibrium.
In the SUSY limit, the axino yield from scattering with gauge particles is given by [62] 
where g 2 is the SU(2) gauge coupling constant and M P is the reduced Planck scale. A similar contribution can also be obtained from top Yukawa interactions [64] , which is larger and thus taken into account in the following section. This yield does not depend on the reheating temperature,
T R , as long as T R > µ is retained. More interestingly, it is worth noting that Y scat a is proportional to µ. This is because the axino-Higgs-Higgsino coupling constant, µ/v PQ , is enhanced for large µ although the threshold scale (Higgsino mass) suppresses the overall yield by a factor of (1/µ).
In the broken SUSY case, on the other hand, the soft terms for the gaugino and Higgs masses must be taken into account. Due to heavy gauginos and scalars, some possible channels are highly suppressed so that the axino yield from these processes can alter. Furthermore, the phase space distribution can differ for each production channel.
As we consider the axino DM, heavy particle decays are also important for axino production. In particular, 2-body decays of Higgs or Higgsino significantly contribute if Higgsino is light compared to other SUSY particles. The axino yield from decays is given by [63] ,
where K 1 is the 1st-order modified Bessel function and z = m/T . The Γ and m are respectively the decay width and mass of the decaying particle (Higgs or Higgsino). The degrees of freedom of the process is denoted by c. If Higgsino decays into axino and the lighter Higgs doublet, the decay
The mass and degrees of freedom are respectively m = µ and c = 2. On the other hand, if the lighter Higgs doublet decays into axino and Higgsino, one obtains
where m = m H L and c = 4. In the above two formulas, we ignore the masses of the final-state particles.
If Higgsino is very heavy, more specifically, heavier than gaugino, 3-body decay of gaugino can also make a significant contribution to axino production. For instance, if M 2 µ (M 2 is the wino mass) and T R < µ, axinos are produced by thermal winos through
In this case, it is worth noting that 2-to-2 scattering such as W + H L →ã + H L is also comparable. This is simply understood since the phase space factor of these two processes are of the same order and corresponding Feynman diagrams are related by crossing symmetry.
C. Dilution from saxion decay
In the SUSY axion model, saxion production and decay have to be taken into account since its energy density can dominate the Universe, and its late decay can inject entropy only into the SM sector, and thus it affects the DM abundance and temperature. In the SUSY DFSZ model, the saxion abundance from thermal production is of the same order as the axino thermal production.
However, saxions can be produced in the form of coherent oscillation; the yield is given by [73] 
where s 0 is the initial saxion amplitude when it starts oscillation. Here the temperature, T s , is defined by 3Ṙ/R(T s ) = m s , where R is the cosmic scale factor and the dot denotes the derivative with respect to the cosmic time, t. The saxion can dominate the energy density of the Universe when the temperature becomes the equality temperature, which is given by
Later, saxion decays at the temperature T s D , and it produces an amount of entropy with dilution factor [74] ,
Consequently, the axino abundance is reduced by the dilution factor. 6 Moreover, saxion decay does reheat thermal plasma but does not affect the axino temperature, so axinos become much colder than that before saxion decay. As we will see in Sec. V, this plays an important role to make axino DM colder and thus concordant with Ly-α forest constraints.
III. 3.5 KEV SIGNALS AND LY-α FOREST CONSTRAINT
The warmness of DM are limited by increasingly stringent Ly-α forest constraints. For instance, the 30 HIRES, 23 LRIS, and 27 UVES high-redshift quasar spectra place a lower bound (2σ) SDSS-III/BOSS spectra are added [81] ). These constraints are so strong that they exclude WDM as a solution to the small scale tensions or leave only a small parameter region if any [82] . One may wonder if we can alleviate the tight constraints by considering a mixed DM model, where DM consists of cold and warm components [83] [84] [85] . The recent analysis of Ly-α forest data, on the other hand, may disfavor even a mixed DM model as a solution to the small scale crisis [86] .
It is often not trivial nor direct to convert the constraint on the conventional WDM mass into that on other DM model. In the conventional WDM model, the DM particles are assumed to follow the Fermi-Dirac distribution with two spin degrees of freedom, where the mass and the temperature are parameters: m WDM and T WDM . The temperature is fixed to reproduce the observed relic density of DM for a given mass; the WDM density parameter is given by
where h is the dimensionless Hubble constant and T ν is the temperature of the SM neutrino. In the last equality, we have used T WDM = (10.75/g * ,WDM ) 1/3 T ν , which is derived from the comoving entropy conservation. This shows that we need g * ,WDM ∼ 7000 although g * ,WDM = 106. 75 (226.75) even with full SM (MSSM) degrees of freedom. It implies that a large entropy dilution factor, ∆ ∼ 70, is needed after WDM decoupling.
Then a question is what the lower bound on the DM mass is when the DM particles are produced and decoupled before the electroweak phase transition. The simplest way to infer a lower bound on the DM mass in a non-conventional model is equating the naive velocities in two models, which are defined by the temperature divided by the mass: σ naive = T 0 /m where the subscript of 0 means the quantity evaluated at present. In the conventional WDM model, this takes a value of
The temperature in non-conventional models can be defined similarly to that in the conventional WDM model;
where T is the temperature of the thermal plasma and T dec is taken as the temperature at the decoupling of DM. Just after the decoupling, T DM = T . This can be related with the temperature of the SM neutrino through the conservation of the comoving entropy density such that T DM = (10.75/106.75) 1/3 T ν , we obtain σ naive 1.1 × 10 −8 (7 keV/m). It ends up with the relation of m = 7 keV (m WDM /2.5 keV) 4/3 . Therefore, if one takes only a less stringent constraint like m WDM 2.0 keV, 7 keV DM is viable, but if one relies on severer constraints, say m WDM 3.3 keV, the 7 keV DM is in tension.
In the above discussion one may wonder how we can define the temperature in general for non-thermally distributed DM particles. To make the discussion broadly applicable, we should quantify the warmness in terms of the phase space distribution. The following velocity is suggested to characterize well the cutoff scale of the resultant matter power spectrum [87] : σ = p 2 /m, where
with p being the absolute value of DM three-momentum and g being the spin degrees of freedom.
The phase space distribution f (p) is normalized such that the number density is given by n = g d 3 p/(2π) 3 f (p) . We can relate σ and σ naive by introducing the comoving momentum, q = p/T DM , andσ
One finds σ =σσ naive , andσ is particularly useful when we constrain realistic models whose phase space distributions are given by a superposition of those from respective production channels. This is becauseσ 2 realistic is written by the Y -weighted the sum ofσ 2 ch in the respective channels as
and may be determined by the channel that dominates the axino production of a given model. In the conventional WDM model, f (q) = 1/(e q + 1) and thusσ = 15ζ(5)/ζ(3) 3.6. On the other hand, f (x) of non-conventional models generally depends on the production mechanism. When DM particles are produced by 2-body decay of a heavy particle (i.e., the freeze-in mechanism), it is known that the phase space distribution can be approximated by f (q) ≈ 1/ √ qe −q [27] , which leads toσ = √ 35/2 3.0. The relation between the thermally distributed WDM mass and the non-thermally distributed WDM mass is modified as m = 7 keV (m WDM /2.9 keV) 4/3 . Note that taking account of the non-thermal phase space distribution ends up with a 20% weaker constraint than that inferred by the naive estimation. This is because the phase space distribution from 2-body decay of a heavier particle is colder -higher population at low momenta -than the FermiDirac one. This exercise drives us to examine more closely the effects of non-thermal phase space distributions on the resultant matter distribution in the following sections.
IV. PHASE SPACE DISTRIBUTION OF AXINO
In this section, we study the phase space distribution of freeze-in axinos. As discussed in Sec. II, axinos are produced via various freeze-in processes. Once the SUSY spectrum is fixed, the axino yield and phase space distribution are the sum of the contributions from respective production processes. The axino phase space distribution takes different forms for various production processes, and the resultant linear matter power spectrum depends on which process is dominant. Therefore, in order to compare the the resultant matter power spectrum to the Ly-α forest constraints, we should clarify the relation between production mechanisms and shapes of the axino phase space distribution.
A. Boltzmann Equation
The axino production is described by the following Boltzmann equation in the homogeneous and isotropic Universe:
where Eã = m 2 a + p 2 is axino energy. The collision term C(t, p) contains all the interaction for axino production and annihilation. However, since the axino abundance is small compared to the particles in the thermal plasma, we can neglect fã in the collision term. With fã 1, the collision term is the the sum of the contributions from respective production processes. A contribution from 1 + 2 + · · · →ã + 3 + 4 + · · · is written as
wherep i is four-momentum of particle i, gã = 2, and the spin sum is taken over both initial-and final-state particles. Since Eq. (24) is independent of fã, we can simply integrate Eq. (23) to obtain the phase space distribution at later time t f :
where t i is the reheating time. Note that since the momentum is redshifted, the axino with momentum p at t = t f must have momentum of R(t f )/R(t) p at earlier time t < t f .
Before going to specific examples, we give useful formulas of C(t, p). They are generic and applicable to other models with axino being replaced by a freeze-in particle of interest. Once we calculate the matrix element of a given process, the axino phase space distribution is obtained by Eq. (25) and the following formulas. We assume that particles other than axino are thermally equilibrated. We neglect the Pauli blocking or Bose enhancement factors of the particles in the thermal plasma, 1 ± f eq i 1, whose effects are so small that the following discussion is not affected (see appendix A 3).
2-body decay
For 2-body decay, 1 →ã + 2, the collision term is put into
where + (−) is taken when particle 1 is a fermion (boson). We define
by the solutions of the energy conservation equations: 7
7 Note that +/− in E This agrees with the result of Ref. [27] .
Scattering
For 2-to-2 scattering process, 1 + 2 →ã + 3, the collision term is put into (see appendix A 1)
where + (−) sign is taken when particle 3 is a fermion (boson). The kinematic variables are defined by
and E ± 3 (s) = m 2 3 + p ± 3 (s) 2 are functions of s, which are obtained as follows. First, for fixed s, we substitute masses and momenta into Eq. (29) , and solve the resultant equation for p 3 :
where θ is the angle between the three-momenta of axino and particle 3. Then, we vary cos θ in the obtained solution of p 3 , and find the maximum (minimum) as p
3-body decay
For 3-body decay, 1 →ã + 2 + 3, the collision term is put into where + (−) sign is taken when particle 1 is a fermion (boson). The kinematic variables are defined by
and 
where θ is the angle between the three-momenta of axino and particle 1. Then, we vary cos θ in the obtained solution of p 1 , and find the maximum (minimum) as p
B. Phase space distribution from respective processes
Now we focus on specific examples of axino freeze-in processes, and show that the different processes result in different axino phase space distributions. In this subsection, the following decay or scattering processes are considered. The corresponding Feynman diagrams are shown in Fig. 1 , and the collision terms are summarized in appendix A 2.
• 2-body decay of Higgsino (left panel in Fig. 1 
• 2-body decay of the lighter Higgs doublet (left panel in Fig. 1 ): H L →ã + H. We consider the cases with µ/m H L 1 and µ/m H L = 0.5. • Scattering of Higgsino via s-channel exchange of the lighter Higgs doublet (middle panel in Fig. 1 ): t c R + Q L →ã + H. Here, t R is right-handed top, Q L is third generation left-handed quark doublet, and they are taken as massless particles. We also assume that H L is massless.
• Scattering of Higgsino via t-channel exchange of the lighter Higgs doublet (middle panel in Fig. 1 ):
The particle content is the same as the s-channel scattering, but to avoid infrared divergence, we take account of the thermal mass
, where Y t = y t cos α/ sin β (y t 1 is the top Yukawa coupling of SM Higgs, and cos α sin β is the mixing of Higgses).
• 3-body decay of wino via virtual Higgsino (right panel in Fig. 1 
In this case, we assume that Higgsino is heavier than wino, and H L is massless.
Freeze-in production becomes efficient when the temperature drops to the threshold scale: T th µ for Higgsino decay or scatterings, T th m H L for decay of the lighter Higgs doublet, and T th M 2 for wino decay. Since freeze-out of heavy particles such as Higgsino, Higgs, and wino occurs after axino freeze-in, we assume that their phase space distributions are thermal as well as those of the other SM particles. It is convenient to define the axino temperature, Tã, as in Eq. (19) with the decoupling temperature being the threshold scale (T th = µ, m H L , or M 2 ). Since the axino temperature and momentum are simply redshifted, comoving momentum, q = pã/Tã, is independent of time. Therefore, the phase space distribution for comoving momentum, fã(q), is constant after freeze-in. In Fig. 2 , we show the resultant axino phase space distributions, q 2 fã(q). Each phase space distribution is normalized to give d2 fã(q) = 1. As seen in the left panel of Fig. 2 , axino phase space distributions differ from the Fermi-Dirac one (dashed). We can see that the phase space distribution from 3-body decay (purple solid) is colder than the others -higher population at low momenta -because the typical energy given to axino is at maximum 1/3 of the decaying particle mass. Therefore, we naively expect that 3-body decay is favored to relax the tension of 7 keV axino DM with the Ly-α forest constraints. As we will discuss in the next subsection, on the other hand, freeze-in 3-body decay cannot be a dominant process when we consider realistic models and take all the processes into account together.
In the right panel of Fig. 2 , we show the effects of spin of decaying particle and a mass spectrum on the phase space distributions from 2-body decay. The difference between fermion decay (Higgsino, red solid line) and boson decay (Higgs, blue solid line) is small. On the other hand, the 2-body decay into a massive particle (yellow solid line) produces much colder axinos than that into massless particles. This is because the Higgsino mass is an half of the mass of decaying Higgs, and the typical energy given to axino is at maximum 3/8 of the Higgs mass. Therefore, it is expected that the mass degeneracy resolves the tensions with the Ly-α forest constraints [33] . In realistic axino DM models, however, it is not possible due to the scattering contributions, which will be discussed in more detail at the end of Sec. V.
For each phase space distribution in the left panel of Fig. 2 , we calculateσ (see Eq. (20)) and summarize it in Table I . Note that we fix the model parameters such as the Higgsino mass, although the phase space distribution and thusσ 2 ch depends on them as shown in the right panel of Fig. 2 . In the calculation of matter power spectra in Sec. V, we use fitting functions of the resultant phase space distributions. They are parametrized as q 2 f (q) ∝ q a e −bq , where a and b represents power law for low momenta and exponential (Boltzmann) suppression for high momenta, respectively. The fitting parameters are summarized in Table I . The fitting function for 2-body decay, f (q) ∝ q −0.43 exp(−1.02q), agrees with the result of Ref. [27] , f (q) ∝ q −0.5 exp(−q). 
C. Phase space distributions in realistic axino DM models
In a realistic axino DM model, the phase space distribution becomes a superposition of those from respective production channels with appropriate weights, and it also depends on the reheating temperature. For a realistic analysis, we consider the following two benchmark (BM) points of the SUSY spectrum: one is the case (BM1) with Higgsino being the next-to-lightest supersymmetric particle (NLSP), while the other is the case with wino being the NLSP (BM2). In BM1, we set µ = 500 GeV, M 2 = 10 TeV, m A = 10 TeV, m Q 3 = mtc = 6.5 TeV, and the masses of the other SUSY particles to be 10 TeV. In BM2, we set µ = 10 TeV, M 2 = 500 GeV, m A = 20 TeV, and the masses of the other SUSY particles to be 10 TeV. In both cases, we take the decoupling limit, and set all A-terms to zero and tan β = 20. These spectra are summarized in Table II.
Higgsino NLSP (BM1)
In BM1, we assume that the reheating temperature is higher than the Higgsino mass. Axino freeze-in occurs via Higgs 2-body decay and Higgsino s-and t-channel scatterings. Among them, 2-body decay of H L is dominant due to the largest phase space factor, as we can see by comparing Eqs. (26) and (28) . The left panel of Fig. 3 shows that the resultant phase space distribution (red solid) is similar to that of 2-body decay into axino and massive Higgsino (yellow solid) in the right panel of Fig. 2. 2. Wino NLSP with a high reheating temperature (BM2 with M 2 < T R )
In BM2, Higgsino is much heavier than wino. We also assume that M 2 T R µ. The wino diagram in the right panel of Fig. 1 implies that we have to consider wino scatterings as well as its 3-body decay, and have to figure out which process is dominant. 8 The right panel of (28) is approximately given by
where we have used s ∼ pãT as the thermal average. Substituting it into Eq. (25), we obtain the Boltzmann distribution for axino, fã ∼ e −pã/T . Note that as long as M 2 T R µ, the shape of the resultant phase space distribution is independent of T R . 8 As shown in Table II, m   2 Hu at stop mass scale is negative. However, the mass term of Hu is m 2 Hu + |µ| 2 , and it is positive at that scale. At the lower temperature where wino scattering and wino decay become important, i.e., T ∼ M2, we assume that the lighter Higgs doublet can be regarded as massless. If we turn on the mass of the lighter Higgs doublet, e.g., mH L = 125 GeV, the resultant phase space distribution of axinos becomes slightly colder, but it does not alter our conclusion.
Wino NLSP with a low reheating temperature (BM2 with
The NLSP is wino as in the previous scenario, namely in BM2. We, however, assume that the reheating temperature is below the wino mass, T R = M 2 /5. With such a low reheating temperature, the right panel of Fig. 3 shows that the axino yield from wino 3-body decay (red solid) is comparable to that from the scattering (blue solid); wino 3-body decay produces 46% of the total axino abundance.
The resultant phase space distribution (yellow solid) in Fig. 3 is, however, different from that of freeze-in 3-body decay shown in Fig. 2 . This is because taking T R = 100 GeV (M 2 /T R = 5), axino freeze-in occurs at T ∼ T R = M 2 /5, and the typical energy given to an axino, which is roughly M 2 /3, is larger than the temperature. As a result, the axino phase space distribution becomes hotter than the Fermi-Dirac one (dashed). In order to elucidate this point, the BM2 with T R = 50 GeV (M 2 /T R = 10, purple solid) is also shown in Fig. 3 , where the effects of the electroweak phase transition is ignored for simplicity. The resultant phase space distribution is much hotter, and unlike the previous scenario (M 2 T R µ), the shape of the distribution depends on T R in this case.
As we will see in the next section, a colder phase space distribution relaxes the tension of 7 keV axino DM with Ly-α forest data. Figure 2 apparently shows that freeze-in 3-body decay (purple solid) gives the coldest phase space distribution, and we may expect that the wino NLSP in a decoupled Higgsino scenario is favored as a realistic 7 keV axino model. In general, however, 2-to-2 scattering is induced by the same diagram as 3-body decay through crossing symmetry. Although the phase space factor is similar, the scattering rate increases with the temperature, while the 3-body decay rate does not. Therefore, unless the reheating temperature is as low as T R M 2 /5, the 2-to-2 scattering dominates axino production, and the resultant phase space distribution is almost the same as the Fermi-Dirac one. Even when the reheating temperature is low so that 3-body decay dominates axino production, axinos are dominantly produced at
which results in the phase space distribution hotter than the Fermi-Dirac one. Therefore, whatever the reheating temperature is, we cannot obtain a colder phase space distribution than the FermiDirac one. This is not special to wino 3-body decay into axino. One always encounters such a difficulty for 3-body decays through heavy intermediate particles, and cannot turn to 3-body decays for a cold spectrum.
V. LINEAR MATTER POWER SPECTRUM
In this section, we relate the axino phase space distribution to the observed matter distribution of the Universe, especially, the Ly-α forest data. We solve the evolution equation of the cosmological perturbations by incorporating DM phase space distributions in CLASS [89, 90] with the cosmological parameters from "Planck 2015 TT, TE, EE+lowP" in Ref. [91] . The resultant linear matter power spectra are cross-checked with CAMB [92] by suitably incorporating the covariant multipole perturbation method [93, 94] . By implementing the Fermi-Dirac distribution, we obtain the matter power spectra with m WDM = 2.0, 3.3, 4.09, and 5.3 keV, which represent the Ly-α forest constraints. To implement the axino phase space distribution for respective production processes, we use the fitting functions q 2 fã(q) ∝ q a e −bq with the fitting parameters in Table I . For realistic axino DM models, we also fit the distributions in the left panel of Fig. 3 , whose fitting parameters are summarized in Table III of appendix C. Throughout the analyses, the axino mass is fixed at 7 keV.
We follow the analysis suggested in Ref. [36] when constraining freeze-in axino DM by Ly-α forest data. Given a matter power spectrum, P (k) (k is wavenumber), we define a squared transfer function by
where P CDM (k) is the CDM matter power spectrum. We compare the squared transfer function of axino DM, T 2 a (k), to that of the conventional WDM, T 2 conv (k). If T 2 a (k) < T 2 conv (k) is met for any k, the axino DM model is regarded as being excluded. This naive determination is, however, sometimes not applicable, because the slopes of T 2 (k) above the cutoff scale are different between thermal (conventional WDM) and non-thermal (axino DM) distributions, and T 2 a (k) < T 2 conv (k) holds only for some range of k. In such a case, we first determine the half-mode
is met for all k < k 1/2 , we regard the axino DM model as being excluded. 
whereσ = 3.6 is the reference value for the Fermi-Dirac distribution. Usingσ in Table I , we obtain 2.5 keV(σ/3.6) −3/4 = 2.9, 2.7, 3.2, and 3.6 keV respectively for 7 keV axino DM from 2-body decay, t-channel scattering, s-channel scattering, and 3-body decay. Therefore if we take m WDM = 3.3 keV as a Ly-α forest constraint, we expect that axino DM from 2-body decay and from t-channel scattering are inconsistent, that from s-channel scattering is comparable, and that from 3-body decay is consistent with the Ly-α forest constraint. The expectation agrees with the result that we obtain by computing and comparing the squared transfer functions. This analytic method through Eq. (42) is far simpler and provides the direct correspondence between the phase space distributions and the mass bounds.
We also calculate the linear matter power spectra in the realistic axino DM models studied in Sec. IV C, which are shown in the right panel of Fig. 4 . In BM1 (Higgsino NLSP), axino DM production is dominated by 2-body decay of the lighter Higgs doublet into massive Higgsino and axino. In BM2 (wino NLSP), depending on the reheating temperature, axinos are dominantly However, in the SUSY axion model, inherent entropy production from saxion decay mitigates the tension of 7 keV axino DM with Ly-α forest constraints. Entropy production changes the axino DM temperature (see Eq. (19)) after saxion decay, T < T s D , such that
where ∆ is a entropy dilution factor given by Eq. (17). Here we assume that saxion dominates the energy density of the Universe after axino decoupling, T s e < T th . In such a case, saxion domination and subsequent decay do not distort the axino phase space distribution, and thus we can use f (q)'s calculated in Sec. IV. With this correction from entropy production, Eq. (42) 
From this, we can infer the minimum value of the entropy dilution factor required to avoid the Ly-α forest constraint: ∆ > m WDM /(2.5 keV(σ/3.6) −3/4 ) 4 . For instance, to take account of m WDM > 5.3 keV, ∆ should be larger than 4.7, 20, and 41 respectively for aforementioned BM1, BM2 with M 2 /T R = 0.5, and BM2 with M 2 /T R = 5. In Fig. 5 , we confirm that the resultant matter power spectra of realistic axino DM models with those ∆ are as cold as that of the conventional WDM model with m WDM = 5.3 keV.
Such entropy production from saxion decay also changes an axino overabundance. The total axino yields from phase space distribution calculated in Sec. IV C are given by
without entropy production. From the observed density parameter, Ωãh 2 = 2.0 × 
In BM1, the dilution factor of ∆ = 4.7 can be easily obtained from saxion decay. For v PQ = 2.5×10 10 GeV, saxion with mass around 110 GeV dominantly decays into b-quark pair via a saxionHiggs mixing (see Ref. [95] for details of saxion decay). In such a case, the decay temperature is domination occurs at a very low temperature T s e ∼ 2.5-25 MeV since we consider a low reheating temperature, T R µ. Although one can consider very light saxion whose decay temperature is of MeV order or smaller, entropy injection at such a low temperature may be disfavored by the big bang nucleosynthesis. If the reheating temperature is larger, one can obtain larger T s e . In such a case, the Higgsino contributions dominate axino production, and thus the basic feature becomes the same as in BM1.
Another way to evade the Ly-α forest constraints may be by taking degenerate mass spectrum [33] . As is evident in Fig. 2 , the axino phase space distribution from 2-body becomes colder when the mass difference between decaying particle and its decay products is smaller. Thus we expect that in BM1, the tension with Ly-α may be relaxed by tuning µ and m H L . However, the axino yield from 2-body decay decreases as the mass difference decreases, while that from Higgsino scatterings are not affected so much. Therefore, the phase space distribution for a very small mass difference is dominated by s-and t-channel scatterings, and thus it cannot be arbitrarily cold.
To demonstrate it quantitatively, we consider a similar model based on BM1, where µ is taken as arbitrary. We find that µ/m H L = 0.76 provides the coldest phase space distribution in terms ofσ, which gives 2.5 keV(σ/3.6) −3/4 = 4.2 keV in Eq. (42). 9 We compute its linear matter power spectrum and show T 2 (k) (red solid) in Fig. 6 . Unlike the BM1, the Ly-α forest constraint of Note that for a small mass difference, thermal effects such as the thermal mass and width become important at least for the total abundance [96] . Studying such effects at the level of the phase space distribution is beyond the scope of this paper.
VI. CONCLUSIONS
While decaying 7 keV DM is one of the most promising explanations of the 3.5 keV line excess, it is in tension with Ly-α forest observations: although the Ly-α forest constraints (even the most stringent one; m WDM > 5.3 keV) apparently allow 7 keV DM, a very low DM temperature is implicitly assumed; i.e., we need g In this paper, we have considered freeze-in production of axino DM in the SUSY DFSZ model in order to resolve this tension. Freeze-in production results in phase space distribution that takes a non-thermal form which modifies the above naive relation so that the tension with the Ly-α forest data may be mitigated. In our model, 7 keV axino DM decays into neutrinos and photons via bRPV operators. Axinos are mainly produced by heavy particle decay and/or scattering processes of particles in the thermal bath. Due to its apparently renormalizable couplings, axinos are dominantly produced at temperature near the threshold scale, so it is perfectly matched with the freeze-in DM scenario. Since the scale is of the order of the µ-term, production processes take place before the electroweak phase transition. By calculating the Boltzmann equation, we have found the following results.
1. The phase space distributions are different depending on production processes such as 2-body decay, s-channel scattering, t-channel scattering and 3-body decay. When we consider the respective processes separately, the 3-body decay produces the coldest phase space distribution while the s-channel scattering, t-channel scattering, and 2-body decay show hotter ones (see Fig. 2 ). All cases show colder phase space distributions than the typical thermal case.
2. We have shown three realistic cases with two benchmark points: Higgsino NLSP (BM1) only with T R > µ and wino NLSP (BM2) with T R > M 2 and T R < M 2 (see Fig. 3 ). In BM1, the dominant production process is 2-body decay of the lighter Higgs doublet into axino and Higgsino, so the phase space distribution is colder than the Fermi-Dirac one. In BM2 with T R > M 2 , however, the phase space distribution is similar to the Fermi-Dirac one.
The reason is that production is governed by the dimension-5 operator suppressed by large µ-term scale, so the dominant production occurs at the highest temperature T = T R . In BM2 with T R < M 2 , axinos are mainly produced by 3-body decays of wino. On the contrary to Fig. 2 , it shows a hotter phase space distribution than the Fermi-Dirac one, since wino decay occur at temperature smaller than its mass. We have shown how the freeze-in production of DM differs from the conventional thermal WDM.
When the 2-body decay dominates DM production, it produces a colder phase space distribution and thus relieve the tension with the Ly-α forest data. The 3-body decay is accompanied by the scattering processes since they have kinematic factors and couplings of the same order. In our example with a high reheating temperature, this case shows a phase space distribution similar to the thermal one in the conventional thermal DM. For a low reheating temperature, the 3-body decay can dominate DM production, but it produces hotter phase space distribution. Although freeze-in DM relieves the tension with Ly-α in BM1 and BM2 with T R > M 2 cases, mild dilution factors are still required to avoid the strongest Ly-α forest constraint. While it is possible to achieve such a dilution factor from saxion decay in BM1, it is difficult in BM2 with low reheating temperature.
It should be emphasized that while we have dealt with axino DM in order to characterize freeze-in processes and corresponding phase space distributions, our results are rather generic.
Specifically, formulas for various freeze-in processes collected in appendix A 2 are useful in studying other freeze-in DM models. Detailed studies are left for future work.
The collision term is then written as
The phase space integration d 3 p 3 = 2πp 2 3 d cos θ 3 dp 3 can be transformed into the integration by s and E 3 ,
The collision term is written as
This is a particularly convenient form, because the integration variables, s and t, are Lorentzinvariant. We usually need to treat carefully the delta function that corresponds to the energy conservation, which results in a constraint on the phase space integration. In Eq. (A6), such a constraint is automatically included in the energy E ± 3 that is a function of s and pã. Therefore, what we need to do is carefully calculating E ± 3 and matrix elements.
Collision terms for specific processes
We summarize the collision terms and kinematic variables (E ± ) used for specific axino production processes. We also derive the Boltzmann equation for the number density by integrating over the axino phase space. In Fig. 7 , we show the evolution of axino yield from Higgsino decay or scattering. Each yield is calculated by integrating Eqs. (A9), (A13), and (A17), and is normalized by the total axino yield today, Y 0 . Freeze-in ends at T ∼ 5µ. We can see that due to a large phase space factor, the total axino abundance is dominated by Higgsino 2-body decay. 
a. Higgsino 2-body decay
When Higgsino is NLSP, Higgsino 2-body decay into axino and the lighter Higgs, H →ã + H L is a dominant source of axino. In this case,
and the collision term becomes
The Boltzmann equation for the number density is obtained as
When we use the Boltzmann distribution instead of the Bose-Einstein or Fermi-Dirac distribution,
4pãT − pã T , we obtain a simple formula, 
One can obtain the collision term for other t-channel processes such as H + t c R →ã + Q c L by replacing the matrix element. The collision term becomes
which is concordant with the result of Ref. [65] .
d. Higgsino s-channel scattering
For s-channel scattering, we consider Q c L + t R →ã + H. In this case,
The collision term becomes
The Boltzmann equation for the number density is obtained as Here we analyze the validity of the approximation of 1 ± f eq 1. In the above two sections,
we have obtained simple formulas of the collision term by ignoring these Pauli-blocking or Boseenhancement terms. Freeze-in becomes efficient at m/T ∼ O(1) (m is the threshold scale), and it is not clear whether we can assume 1 ± f eq 1 or not.
With the term of 1±f eq , we have to rely on a brute-force calculation. As an example, we assume
Higgsino is NLSP and axinos are produced by its decay and scatterings. Figure 8 compares the resultant phase space distributions with and without 1 ± f eq 1 for Higgsino 2-body decay, s-and t-channel scatterings. For Higgsino 2-body decay, the approximation hardly affects the resultant phase space distribution. On the other hand, there are slight discrepancies between the phase space distributions from scattering. In terms ofσ, the exact computations provideσ sch = 2.72 and σ tch = 3.37, which shows a few % deviations from those in Table I . Therefore, our computation in Sec. IV entails the uncertainty of this level.
In the following, we list the collision terms used in the comparison of the axino phase space distributions. Here we leave the axino mass nonzero just for generality of the formulas, but we take it to be zero in practice.
• For 2-body decay, 1 →ã + 2, we consider the case where particle 1 is a fermion and particle 2 is a boson, as in Higgsino 2-body decay. The collision term is written as
2 ) e Eã/T + 1 , 
The kinematic variables E ± 2 are obtained from Eq. (27) .
• For scattering, 1 + 2 →ã + 3, we consider the case where particles 1, 2, and 3 are fermions, as in Higgsino scatterings. The collision term is written as The angle, θ 3 , is defined as the polar angle of the three-momentum of particle 3 when that of
where
and
The decay width of intermediate Higgsino is approximately given by
The pole contribution has to be subtracted from s-channel scattering as in the case of Higgsino.
• H Lα + H * β
The amplitude is obtained from Eqs. (B10) -(B12) by replacing t ↔ s, taking Γ H → 0, and multiplying (−1). We summarize the fitting functions of the realistic models in Sec. IV C. In Table III , the fitting parameters a and b are shown for the fitting function q 2 f (q) ∝ q a e −bq . Note that these parameters are highly model dependent since the phase space distribution is the superposition of the contributions from several processes.
